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ABSTRACT

Let H be a separable infinite-dimensional Hilbert space and let C be a normal
operator and G a compact operator on H. It is proved that the following four
conditions are equivalent,

1. C 4 G is a commutator 4B-BA with self-adjoint 4.

2. There exists an infinite orthonormal sequence e 5 in H such that
|Z2f=1 (Cejep) | is bounded.

3. Cis not of the form C;@ C; where € has finite dimensional domain
and C, satisfies inf { (Cax, %) | : x| =1} >0.

4, 01is in the convex hull of the set of limit points of sp C.

1. Introduction. Let H be a separable infinite-dimensional Hilbert Space.
The class of commutators AB-BA where A is a (bounded linear) hermitian opera-
tor and B is an arbitrary (bounded linear) operator on H will be denoted, as in
[2], by Xy. The symbol Yg denoting in [2] the subclass of commutators of Xy
for which B is of the form iD where D is hermitian, will also be used here and will
have the same meaning.

The class Yy which is identical with the class of hermitian operators in Xp,
was studied by H. Radjavi in [3]. His main result can be stated as follows:

(*) Each of the following three conditions is necessary and sufficient for a
hermitian operator C to belong to Y.

a) There exists an infinite orthonormal sequence e; in H such that

is bounded.

%‘. (Cej,ep)
i=1

b) C is not of the form C, @ C, where C; has finite dimensional domain
and C, satisfies the condition
inf [(C,x,%)|>0.
1=l =1
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¢) 0 is in the convex hull of the set of limit points of sp C.

We recall that a number z is a limit point of the spectrum of a normal operator
C if either z is a point of accumulation of the spectrum in the topological sense
or z is an eigenvalue of C with infinite multiplicity.

Necessary conditions and sufficient conditions for an arbitrary (not necessarily
hermitian) operator to belong to X were established in [2]. Here are two
propositions proved in [2].

i) Every compact operator on H is in Xy

i) If C is a normal operator on H whose spectrum contains n limit points
Zy,2, - Z, satisfying

myz; +myzy + o +myz, =0
for a set (mym,---m,) of rational positive numbers, then Ce Xp,

It was shown also in [2] that conditions a) and b) in (*) are necessary for an
arbitrary operator to be in Xy and that a normal operator C in X, has property
c).

We formulate now the main result of this paper:

THEOREM 1. Let N be a normal operator and G be a compact operator
on H. The operator M =N + G is in Xy if and only if O is in the convex hull
of the set of limit points of sp N.

This theorem is a generalization of (i) and (ii). We show now that property
(b) is a consequence of (a) for arbitrary operators C. In fact, suppose that C
satisfies (a) and that (b) does not hold. Then by the Toeplitz-Hausdorff theorem

that the numerical range of an operator is convex there exist a real number 6
and two operators C; and C, such that

Re(e’C) = Re(e”C,) @ Re(¢C,)
Re(e”C,) has a finite dimensional domain and that

inf Re(eC,x,x) = inf (Re(eC,)x,x) >0
flx|t=1 lixil=1

where Re A4 = (4 + A*). On the other hand we obtain frcm (a) that the sequence

M=

(Re(e®C))e; e;) = Re Z (€°Ce;pe;)
. )

ji=1 J
is bounded. This contradicts the equivalence of (a) and (b) in the case of the
hermitian operator Re(eC) (which follows from (*)).
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Let us note that the fact that (b) is a consequence of (a) for arbitrary operators
C can also be proved directly by a method similar to that used in the proof

of corollary 2 in [3].
Since, as it was shown in [2], (b) and (c) are equivalent for normal operators

one has, as a conclusion, the following generalization of Theorem (*).

THEOREM 2. Let C be a normal operator and G be a compact operator on H.
C + G is in Xy if and only if C satisfies the three equivalent conditions (a), (b)
and (c).

2. Proof of Theorem 1. Suppose that M is in Xz and that O is not in the
convex hull of the set of limit points of sp N. Therefore, N is of the form
N, ® N, where N, is defined on a finite dimensional domain and

inf [(Nx,%)|>0
ffxll =1

It follows that there exists a real number 6 such that the hermitian operator
C = Re(¢”N) does not satisfy (b). Hence C has not property (c). Since the set o
limit points of sp C is also the set of limit points of Re(e”M) = C + Re(e“G)
(see [4] p. 367) it follows that (c) does not hold for Re(e?M). On the other hand,
since €®M is in X, one obtains easily that Re(e?M) is in Yg. This contradicts
Theorem (*).

For the proof of the remaining part of the theorem suppose that 0 is in the
convex hull of the set of limit points of sp N. Therefore, there exist three (not
necessarily distinct) limit points z;, z, and z; in sp N satisfying.

(1) mlzl + mzzz + m323 = 0

for three positive numbers m,;, m, and ms with m; + m, +m; = 1. Then by
Lemma 3 in {2] N is unitary similar to an operator N’ on

K=HOoH®HOH®H®H
of the form P’ @ Q' with
Ny+zd 0 0
P = [ 0 N, + z,1 0 ]
0 0 Ny + z3l
and

N, + z,1 0 0
Q’=[ 0  Ns+z,l 0}

L o 0  Ng+z,l
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where I is the identity operator on H and N, is a normal operator having 0 as a

limit point of its spectrum for i==1,2,3,4,5,6. M is therefore unitary similar

to an operator M’ of the form N’ + G’, where G’ is a compact operator on K.
Let U; i=1,2,3,4,5,6, be any six unitary operators on H. Let

(UN,U, + 2,1 0 0
P = 0 UIN,U, + z,] 0
L 0 0 UIN,U, + 251
and
[ UN,U, + 2,1 0 0
Q' = 0 UINUs + 2,1 0
L 0 0 U¥NgUs + 251

It is easily seen that N’ is unitary similar to N” = P”" @ Q". There exists, there-
fore, a compact operator G” on K such that M’ is unitary similar to M" = N” 4+ G”.
The equality m; + m, + m; =1 implies the existence of a three by three
(complex) numerical unitary matrix (bij)?, j=1 with
) b= Jm;, i=1,273.
Let
U= (bijl)?,j=1
( I 0 0
V= 0 I 0
\-0 0o -1
P"=U*P"U and Q" =V*U*Q"UV. Since U and V are unitary operators on

H @ H @ H, M”is unitary similar to an operator M"” of the form (P"' @ Q") + G”
where G” is compact. Moreover, M” has a matricial representation of the form

P" + Gy, Gy,
{ G,y 0" + GzzJ

where Gy, i,j = 1,2 are compact operators on H® H @ H. Let

1 1
72_IH&3H®H _ﬁIH(BH@H

1 1
- ":/EIH@HQH 72‘IH@H®H

Z =
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where Iyopep denotes the identity operator on HOH @ H.

Z is obviously a unitary operator on K and an easy computation shows that
3P+ Q"+Fy) (P -Q"+ Flz)]
I(P"—Q"+Fy) 2(P"+ Q"+ Fi))

where F;; are compact operators.

M® =Z*M"Z = [

By Theorem 8 in [2] M is in X, whenever P” + Q" + Fy; and P” + Q" + F,,
are in Xgzgpen. Moreover, using (1) and (2) one obtains by computation that
P"+ Q"+ F,y and P" + Q" + F,, are both of the form

A B E, +G,
- [ c D E2+Gz]
LE?,'*'Gs E,+ G,y Es‘}‘GsJ

where G, are compact and E; are linear combinations of UTN,;U; i= 1,2, 3,4, 5.
Since, by our constructions, M is unitary similar to M and U; are
arbitrary it suffices to prove the next lemma to complete the proof of the theorem.

LeMMA 1. Suppose that N, j =1,2,3,4,5,6 are six normal operators such
that 0 is a limit point of sp N ;. Then there exist six unitary operators U, such that
Sisin Xpggenfor any four operators A, B, C, D, fire compact operators G; and fire
operators E;= 7., a,;UN,;U; where a;; are complex numbers.

PrOOF OF LEMMA 1. We begin by citing a known lemma:

LemMA 2. Let J be a normal operator on H having 0 as a limit point of
its spectrum. If &8, > g, > -+ > ¢, > --- is a sequence of positive numbers con-

verging to 0 then there exists a sequence R,, k = 1,2,3,--- of mutually orthogonal
infinite dimensional subspaces of H such that

1) H = E‘, @ Ry
k=1
2) R, reduces J
and
3) |7/R.)| < & for k=2,3,4--

(See [1] p. 701-702).

It follows easily from this lemma that H can be written in the form

H= X oM,
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such that the following conditions are satisfied:

I) M, are mutually orthogonal infinite dimensional subspaces of H.

IT) There exist 6 unitary operators U; on H with U; =1 such that M, are
reducing subspaces for UTN,;U;, j =1,2,3,4,5,6.

U | UNU, M| < (12(kD))~* for j=1,2,3,4,56 and k=4,56--.
Let ¢ > sup;,;{|a;|} and E/=(1/c)E, for i =1,2,3,4,5.
Then
II,) M, reduces E; for k=3,4,5--- and i=1,2,3,4,5 and
I0,) | E{ /M, || < sup;,;{|a;; |} /2c(k!) < (2(k1))™* for k=4,5,6--, and
i=1,2,3,4,5.

Let G;=(1/c)G, for i = 1,2,3,4,5 Since G, are compact, it follows, by Lemma 4.1
in [1], that

Mk=Lk®Pk k=4,5,6"'
where L, and P, are orthogonal infinite dimensional subspaces of M, and
I 6ix] < 55+
i 20k
(3)

T 1
[6it+] < s =1

for i=1,2,3,4,5 and for each x #0 in L,.
Define

w0

Hyi=M;® X ®P,
k=4
and

H, =L, for k=4,5,6--
It follows that

and that inequalities (3) and

i

| < s 1l

4)

[Ex] < el
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hold for i=1,2,3,4,5 and each x#0 in H,, k=4,5,6---.
Now, let P, be the projection of H on H, for k =3,4,5,6--- Define

ot ¢ 9]

0 0J
0
2= [0
0

0 0 ©
0, = [0 0 0 1 for k=3,4,5,6--
0 0 PJ

0

o)

O ~NO OO

and

Then Q, are orthogonal projections of H®@ H® H for k=1,2.--,and we have

HOPH®H= Y ®QH®HOH),
k=1

Q(HOH@®H)=H®0®O0,
and

0,HOHOH)=00HO.

I 0
z=[o o o
0 0
0 0
0 o o]
0

0J
and for k=3,4,5--- let Z, be a linear transformation from H@® H® H to
H®0®0 mapping O, (HOHEH)=000@ H, isometrically on H®0®0
and annihilating H® H ® (H © H,). Then, by Lemma 3.1 in [1] S'=(1/c) S is
unitary similar to an infinite operator matrix T =(T)7;=1 on (H®0@O0)
PHD0PD0)D -« where Ty, = Z,SZ* for k,1=1,2,3--.
It is easily seen that for k= 3,4,5,-:-, Z; are of the form

0 0 Vi
0 0 0

Let

Z,

SO~ O OO
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where V, is an operator on H mapping isometrically H, on H and annihilating
H © H,. The computation of T}, is therefore easy and it yields:

(EL+G)V* 0 0]
k=1,2
7;‘1= 0 0 0 for l—3 4 5 6---
0 0 OJ = Jy Ty
VilEisa +Gle) O O]
Ty = 0 0 0] for ’;‘izs
0 0 0] -

and

BEGHVE 0 o) L
T‘kl._ »

0 0 0 for
0 0 oJ ] =3,4,5---

Let (x;0;0) be any vector in H@®0®O0. Using (3) and (4) one obtains
* 1 1
705305 0] = B2+ G| 5 A [ ] = <] = - s 50

for k=1,2 and 1 =4,5,6--;

T3 0 0)| = [(Bita + i) x| < | Vx| = 7))

1
o w00
for k=4,5,6--- and [ =1,2;

I Tuxs 03 0) | = | VCEs + Gy W | < B3 + G Ve < -]

1 1G50:0)] for k=3,4,5,6-- and 1=4,5,6,--

and

|73 0:0)] = [HET+ oD W] S[E'F+ 6DW] = 4] %]

1
=7 1G:0: 0]

for k=4,5,6--- and [ =3,4,5---.
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Hence | Ty | < min (IIF’ —11'—) whenever max (k, /) > 3. Then by Theorem 3 in

[2] Te X goovoyomeosoys +---- Since S’ is unitary similar to Tand § = cS’, it
follows that S € Xygnen- This completes the proofs of Lemma 1 and Theorem 1.

42

REFERENCES
1. A. Brown, P. R. Halmos and C. Pearcy, Commutators of operators on Hilbert space,

Canad. J. Math, 17 (1965), 695-708.
2. M. David, On a certain type of commutator, J. Math. Mech. 19 (1970), 665-680.

3. H. Radjavi, Structure of A*A-AA*, J. Math. Mech. 16 (1966), 19-26.
4. F. Riesz and B. Sz.-Nagy, Functional Analysis, Frederick Ungar Publ. Co., N.Y., 1955

TECHNION—ISRAEL INSTITUTE OF TECHNOLOGY, HAIFA



